PE BAI T AP
Chwong 1. ) PHUC

Cau 1. Thuc hién cac phép tinh saurdi dang dai sb

" 30— (1+ i) SCER LR g (L) 5 gy 230 + (2 3y
(2+0)*1 + 2 (2+ 1) — (1+ 29) Q-1 + @1+ (5 + 44)*.5 + 4i
5) 3— i-(?’ + Z')Q & (L+3i) — Y 2 (—4i)’ + 5i + i° g (Lt 43 — (3 — 2i)
(430 (3 —i)(2 + 3i) 2y (=) + (1 + 2)?
Cau 2. Tinh modun ¢a cac 8 phic sau
1. == 34)2(5 + Ti)’ 2) - (6+1207 [\/g i wg] 3) . [Jg - i\/g]
(2 n @)24 (10 - 242')20 2 42 (3 + 303 )20
V3- z‘)go (=5 + 43y (33 - 3@)12 (5- 12¢)5 [—JE +iV3 ]32
4) z = ” 5z = m 6) z = -
[\/g—i\/g] [—2+2z’\/§] [1+N§] (3-i)
Cau 3. Thuc hién cac phép tinh saurdi dang hrong giac va dng nii
(1 _ i\/g)(5 + 50y (3 + 32\/5)2 [Jg + 1\/8]2 [\/5 + z’x/E]Q
1) : 2) 3) —— .
[x/§+z\/5] V242 \/§+i\/§<3+3i\/§)
(V5 )4 + 4y (335 - sif [V + o5 [+ 5]
4) : 5) ) ———
[M] i 2+ i2(3 - 3i)
Cau 4.Xacdinh argument chinlp € (—; 7] cia cac 8 phic sau
1MZ(1+¢)4(J§—NE)3 Z)Z:(H@)(x/gjz’)g Y. A4y |
V3 +i (=1-9) (1— iy’ (2\/8—22\/5)
gy, Qi34 5. [1+3) 6, (0=
(\/5 - z’x/g)g (—1— )" (Jg + z’)3 (2\/8 - 22\/5)4

Cau 5*. Cho céac & phic z sau c6 argument chinh Jac (—m; 7. Hay viét 2z dudi dangdai sd va cang i,

tir d6 suy racos p vasinp (khéng dung may tinh!)



1+i\/§ \/_ Z\/_ 1+Z\/_ \/E—Z\/_

1) z = 2) z 3)z= 4) 7z = ——+

\/5—1’\/5 1+Z\/_ \/E—Z\/_ 1+Z\/_
5) 2 — V3 —i 6)2_—6—2'6 Nom V3 - S)Z_JE—NE
V2 +iV2 1+ i3 V2 —iv6 V3 +i
Cau 6.Dung cong tirc Moirve, hay tim &n bic bdn cia cac 8 phic trong cau B trén.
Cau 7.Trong niit phang phic, hay xaatinh ip hop cacdiém z thoa mandiéu kién sau
DN1<|z+i]|<3 2)|z—1+i| <1 3) Im(z —i) <2 4) Re(iz) > 1
5)|2z—i| =4 6)|z—1|+]|z+1]=4 7)0<Re(iz) <1 8) Im(z —7) >3
Cau 8.Giai cac phrong trinh sau trénwbdng $ phic
1) 2" =57 4+7=0 2) 2t =72 4+25=0 3z —3274+9=0 4) 2" +32=0
5) 2" +3224+7=0 6) 2" +42° +17=0 7Nz 4622 +17T=0 8)z'—82=0
Cau 9*. Giai cac phrong trinh sau tréndtng $ phic
1) 2> +(3+21)2" + (5+8i)z+3+6i=0 2)2" +(1+2)2" +(1+4i)2—3—-6i=0
)2 +(4-30)+(1-9)2—2—-6i=0 42" +(2-30)2"—(5+3i)2+2+6i=0
5) 2" + (24 44)2" + (5+8i)z +10 =0 6) 2" —(2—41)2" +(5—8i)2—10 =0

Chwong 2. HAM BIEN PHUC

Cau 1.Tinh cac gia ir f(z,) sau

2

1) f(z) = iRe(iz —22°), 2, —\/_eﬂi 2) f(z) = z :z’z, Z, :cos%—z’sin%
z

3) f(2) = iIm(z° +i2), 2, = \/E.ei%ﬂ 4) f(z) = z —, 2, = oS~ + isin—
3z — 1.z 6 6

5) f(2) = M Jge‘? 6) f(z) = M,z—QeI

z iz

7) f(z) = (iz> + 2°) Z\/_—l 8)f(z):2iz3+422,20:3—i\/§

Cau 2.X&acdinh pHin thyc va phin a0 cia cac ham Bn phic sau

D) f() =iz —2)  2) fl5) =it B fe) =it )=

5) f(2) = cos(iz) —i.sin(iz) 6) f(z) = cos(i.z) —sin(i.z) 7) f(z) = ¢ 8) f(z) = e

Cau 3.Xét tinh ki vi cia ham f(z) va tinhdao ham (Bu c6) i diem z, = =z, + iy, thuoc mien kha vi

1) f(z) = E?Im(iz) 2) f(z) = e 3) f(z) = 2. Im(i.EQ) 4 f(z) =
5) f(z) = zRe(iz— | 2[)  6) f(z) =" T)f(2)=]2].(&2) 8) f(z) = ¢



Cau 4.Chang © cac ham sau la hadiéu hoa va tim ham giitich f(z) = u + i theo bén z, biét

1) ula,y) = o'y~ u' VA f(-i) = 2) vlag) =o'y~ Sy VA S =

3) u(z,y)=2" —3zy° va f(1—i)=1 4) v(z,y) = 2° — 3zy* va f(1+ i) = —i
5) u(z,y) = €e" cosy —y 6) v(z,y) = €’ cosz + 2x

7) w(z,y) =e"siny —y 8) v(z,y) = €’ sinx + 2z

Chwong 3. TICH PHAN HAM PH UC

Cau 1.Viét phrong trinh tham & ciia caadoan thing (hdic duong parabol)C' theo tham & ¢ va tim khang
bien thién @a ¢ dusi dang ¢ : a — b trong cac trong hyp sau

1) C ladoan thing moi tr diém z = 3 — 27 dendiém 2z = —1+ 3:.

2) C ladoan thang roi tr diem z = —5 — 24 dendiém z = —7 4 3:.

3) C ladoan thang roi tr diém z = 3 + 27 dendiem z = —1 — 3i.

4) C' ladoan thang noi tir diém z = —1 — 44 dendiém z = —4 — .

5) C' 1a paraboly = z° — 2z ndi tirdiém z =1—4 déndiém z = —2 + 8i.

6) C' la paraboly = —z* — 3z ndi tirdiém 2 =1—4; &ndiém 2 = —1+ 2.

7) C la paraboly = 22> — z ndi tir diém z =1+ i déndiém 2 = —2 +10i.

8) C la paraboly = 2z° + z ndi tir diém z =1+ 3¢ déndiém z = —1+ 4.

Cau 2.Viét phrong trinh tham & ciia caaduong tron (hdc duong elip) C' theo tham& ¢ va tim khang
bien thién @a ¢ dusidang ¢ : a — b trong cac trong hop sau

1) C laduong tron|z —1—4|=1 nditrdiém z = 2 4+ i dén diém 2 = 1 + 24 theo chéu am.

2) C laduong tron| z —1—i|=1 ndi tir diém 2z = 1 dén diém z = i theo chéu duong.

3) C laduong tron| z 4 2i |= 1 ndi tir diém z = —3i déndiém z = 1 — 2 theo chéu am.

4) C' laduong tron| z + 1+ 24 |= 1 ndi tir diém z = —2i dén diém z = —2 — 2 theo chéu am.

2

5) C laduong elip% +y? =1 ndi tir diém z = 2 déndiém 2z = —i theo chéu duwong.

2
6) C laduong elip 2 -|—yZ =1 ndi tirdiém 2z = 2; d&éndiém 2z = —1 theo chéu am.

2 2
7) C laduong elip% +% =1 ndi tir diém z = —3i déndiém z = —2 theo chéu am.

2 2
8) C laduong elip% +yz =1 ndi tir diém z = —2i déndiém 2 = 3 theo chéu drong.

Cau 3.Tinh céac tich phan sau

1)1 = fZQ.Re(iz)dz, C ladoan thang i tir diém z = —2i déndiém 2 = —1 + 3.
C

2) T = fz?.lm(iz)dz, C' ladoan thing rbi tir diém = = i déndiém z = —1—.
C

3 I= fZ?.(z2 —iz)dz, C' ladoan thang roi tir diém » = 2i déndiém 2 = —3i.

c



41 = fEQ.(Qz —i2%)dz, C ladoan thang i tir diém z = 3 déndiém z = —1.

) o lz=20 -2t o
5) 1= fzdz, C c¢6 phrong trinh; ; noi tir diem A(4;—1) déndiém B(4; 2).
y =
C
. . |T=2cost s L an Ao A
6) I = dez, C c¢6 phrong trinh; " noi tur diem A(0;—1) dendiem B(—2; 0) theo chéu am.
Yy = sin
C
7) I:fZde, C:|z—i|=1 nditrdiém z =0 déndiém 2z = 1 + i theo chéu am.

c

d ‘. 2 A iR ,
8) I = —f,():|z|:\/§néltﬁdlémz:—l—zdendlemz:1+ztheocha*:udu:ong.
z

C

Cau 4.Ap dung tich phan Cauchy, tinh céc tich phan sau

- § % 1= § i yr= § 4
42—l © +4z+5 o4 3-i=2 © + 42 f—dri=3 32
dz dz dz
4) ] = T — 5) I = _— 6) I =
z+‘£—1 2t 4522+ 4 Izg?—? 2t + 477 Zgllg_l 2 -1
Cau 5. Ap dung tich phan Cauchy, tinh céc tich phan sau
1)1T:L<ﬁL 2)1:9?* - § =
= 22 —22+5 210 2 —4z+5 s 2 —22+10
dz dz dz
4) ] = _ 51 = 6) I =
) % 2t +52° 4+ 4 ) gg 2t —1 ) SE 2* — 3z

|2—2i[=2 lz—1—i]=2 l2—1]=2

Cau 6.Ap dung tich phan Cauchy, tinh céc tich phan sau

z+3 z—1 z—1
1) = —dz 2) I = —dz I = —dz
) zg—Q (" +4z) ) zgf-a (=" +4) ) zggﬂ—g (2" —32)°
dz dz dz
ni- § L S1- § & 61— § %
j_l ZQ(Z - Z>3 |Z+9§_1 ZQ(Z — 2)3 gi z3(z -1

Cau 7*. Ap dung tich phan Cauchy, tinh céc tich phan sau

dz
1) = | ——, C lacungtron
) f22-|—1 g

2
:1;—%] +(y+3)2:4745 néi z =2 voi z = —1 theo chéu am.
c

2) I:f de , C' la cung tron

2
r— 2 +yz:2 ndi z = —1 Véi z =2 theo chtu dwong.
27 +1 2 4

c

3)I:f de4, C lacung tron(z —1)* + (y +2)* = 8 ndi z = 3 V6i z = —1 theo chéu am.

o %+

2

4) I:f dj4, C lacung tron(z —1)* + (y —2)* = 8 ndi z = —1 Vé6i z = 3 theo chéu duwong.
z

c

5) I:f de_g, C lacung tron(z —1)* + (y +3)* =13 ndi z = 3 véi z = —1 theo chéu am.

o ?



6) I :f de n C lacung tron(z —1)* + (y — 3)* = 13 ndi z = —1 Vi z = 3 theo chéu duong.
o 2+

Chwong 4. CHUOI VA TH ANG DU

Cau 1*. Tim hinh tron Bi tu cia cac chai

> (z—1)" = (z+mn)| 2 " > (2n)! N
1 — 2 3 4 z—1
); n’ ); 2nz );n' );(n')z( )
cau2r. , "
2.1.Khai trién Taylor cAc hamadssau i diem 2z = a
1 z—1 1
D flz)=—,a=1 2) f(z)= ,a=20 3) fz)=—,a=0
) f(2) B ) f(2) T+ 1 ) f(2) 3,42
2.2 Khai trién Laurent éa ham 8 f(z) = _ trong céc trong hyp sau
(z+1)(z2+2)
1) trong mén | z | < 1 2) trong mén | z | > 2 3)trongmén 0 < |z +1] <1

Cau 3*. Khai trien Laurent cac hanbssau trong lan4n diém bt thuong c6 Bp da chi ra va @i tén caadiem
bat thuong c6 kp do

2z
e” 1

1)f(2):(z_1)2,t€1iz=1 2)f(2)=m,tai2=—1
3)f(z):2;,taiz:—2 4)f(z):z2e§,taiz:0
25+ 32 +2
5) f(z) = (2 —1)cos a2 =1 6) f(z) = 1 Jtal 2 =1
z—1 (22 +1)°

Cau 4.Tim, phan lai cAcdiém bit thuong cd hp hitu han va tinh tling dr cia cac haméstai cacdiém d6

o z+2 _ 1l—-cosz _ z
1) f(2) = 1) 2) f(z) = —Zg(zz Y 3) f(2) @11y
1 2 e’
4)f(Z)—m 5)f(2)—(z+1)3 6)f(2)—zg_1
oz __E=H __1
Nz = 2t +52 +4 8) J(z) (2% + 4) 9 1) '+
Cau 5.Tinh thing dr tai oo cia cac ham&sau
1) f(z) == 2) f(z) = — 3) f(2) =
z =2 z'—z z +2
- 1 _ P __Z
4) f(z) = —ZQ(Z?, ) 5) f(2) S 6) f(2) = —; 3
7) f(z) = —— 8) () = — 9) () = —

2'(3—2%) 1-3z2"



Cau 6.Ap dung thing dr tinh cac tich phan pic sau

nfzf

2)1:9§ ioszldz, C lachuvitamgiacco catinhlaz =0, 2 =2—-2ivaz =2+ 2i.

c® =

2
3)I:¢‘5W4J7mb@nﬁaMMHmmmcémﬁMHéz:izz:i2+4L
CZ+

2 2

e“dz :

c

dz L 3
51=§3 1¢Hammﬁ+¢=§.

Cz+

B dz
&I_jzzﬁji.

lz| =2

Cau 7.Ap dung thing dr tinh cac tich phan tic dang krong giac sau

1’“?% Z”Zf#
@I:?Ef%; 4ﬂ1:Z§?%%;
5)122/:1% 6”:]:#
DI:TEf%;- SﬂI:jé?ggs.

0 0

Cau 8. Ap dung thing dr tinh céc tich phan tit suy Hng sau

+o0 dLE +o00 dLI}‘
1)1 = f 2)1 = f—
700332—1—16 7003524—2:1;4—2
+00 +o0
dx dx
NI =] ——M— N[ = [ ——
) {(w2—2x+5)2 ) £x4+5x2—|—4
T dx T z’
5I1I= | —— 6)I = dx
! (z° +9) 0 (> +1)(z° +4)

+00

cos 3z % rsinz
™) I = dx 8) I = | ——dx
j;ﬁ—%l {(m2+4)2




Chwong 5. PHEP BIEN POI LAPLACE
Cau 1.Tim bién d6i Laplace @éa cac ham & sau

3
1) f(t) = €' cos 3t — 3e > sin4t + %
e

2cos 3t 5 9 2
- 4) f(t)= (£ +t* = 3t)e™ +

(& (&

6) (t)

2) f(t) = e "sin2t — 3¢ COS% +tle™

sin 3¢

3) f(t) = (t* —2t* +4)e™* +

—t

5) f(t) = 3te*u(t —2) (t — e "u(t — 3)

7) f(t) = 3t* sin2t — t cos 3t 8) f(t) = 2t* cos 3t + (t — 1)sin 2t

Cau 2.Tim bién d6i Laplace @éa cac ham & sau

0, t<3 0, t<?2
1) f(t)=1t" —2t, 3<t <4 2) f(t) =1t +5t, 2<t <5
1-—3t, t>4 4 — 3t, t>5
0, t<3 0, t<?2
3) ft) =1 —2t*, 3<t<4 4) ft)=1 —4t*, 2<t<5
t* —2t, t>4 t* + 5t, t>5
0, t<m 0, t<m
5)f(t):<sin2t,7r§t<3§ 6)f(t):<0082t,71'§t<377r
0o, =27 0o, =7
2 2
Cau 3.Tim bién d6i Laplace @a cac ham &r tuin hoan sau
D 2, 0<t<3 _ o 11 3t 0<t<?2 i
)f()_t2—2t,3§t§4’ - )f()_t2+5t,2§t§5’ B
3 /(1) £ —2t, 0<t<1 5 2 (1) 21, 0<t<?2
| —2r, 1<t <3 |2+t 2<t<3 T
5 f(t t, 0<t<m 79 6) ft t, 0<t<m T — 9
F=gnot m<t<ow L=27 FO =1 os2t, m<t<on T =27
Cau 4.Tim bién d6i Laplace ngoc aia cac haninh sau
1) F(s) = : 5§—9 : s 2) F(s) = : 3—s : s
s +8s+25 s +8s+16 s —8s+25 s —8s+16
3) Fls) = —— — 8 Pl = ——
s +10s4+29 s +10s+25 s —10s4+29 s —10s+ 25



—s —3s

e e
5) F(s) = +
) s +4 §S+10s+25
6735
7) F(s) = ———
s +2s+5

Cau 5.Bing cach phan tich thanh phat¢hsi gian, tim bén d6i Laplace ngoc aia cac hamanh sau

D F(s) = +2§ :f;_m
Sro-
5) F(s) = = :1)_(; —4)

7) F(s) = S(Z - i))?

5s -5

se e
6) F(s) = +
) $4+9 s —10s+25
6725
8) F(s) = —————
s" —6s+18

s> —bs+3
2)F(s)=—F———
s” —13s+12
s
4) F(s) =
) Fls) s — s —14s+24
s+2
6) F(s) = —;
(s +4)(s+9)
s+1
8) F(s) = >
s(s+2)

Cau 6. Sir dung thing dr, tim bén di Laplace ngoc cia cac hananh sau

S

D= TG oy

§—2
(s — 3)2(3 + 2)2

3) F(s) =

S

5) F(s) = —————
)= e+

1

7) F(s) =

(s —14)(s* + 2is + 3)

S

2) F(s) = ———

) E(s) (s —1)(s +2)
s—1

4) F(§) = ——

) () (s —2)(s +1)°

6) F(s) = i

) E(s) (s —2i)(s* +4)

8) F(s) — L

(s + 3i)(s* + 2is + 3)

Cau 7*. St dung tich ctip, tim bén déi Laplace ngoc cia cac hananh sau

DI = @
3

3) Fle) = (s +1)s’

5) F(s) = i

(s +1)(s* +1)

S

2) Fls) = (s° +4)(s* +3)
_ 1

M Fls) = s°(s* + 4)

6) F(s) = i

(s—2)°(s" +4)



2—s 8) F(s) 3—s

D=y (s +9)

Cau 8.Dung bén d6i Laplace gii cac phrong trinh vi phan & mot sau

1 y'+2y=3e"; y(0)=1 2)y' =2y =3e"; y(0)=-1
3) y' +5y =3e"; y(0) =2 4)y' —6y = —"; y(0)=3
5y +4y = 2" 6)y — Ty =—¢'

Ny +2y=t y0)=1 8)y —2y =1t; y(0)=—2

Cau 9.Dung bén d6i Laplace gii cac phrong trinh vi phan &p hai sau
Dy =3y +2=e"90) =1y 0)=-1 2)y"+4y'+3y=e";y(0) =1, y(0) =2
3)y" =3y +2y=¢590)=09(0)=-1 4 y"+4y +3y=e";y(0) =0, y'(0) =2
5y — 4y +4y=¢5y0)=0,y0)=-1  6)y" +4y +4dy=e";y(0)=0,y(0) =2
7 y" =3y +2y=1y(0)=0,y(0)=0 8) y" +4y 4+ 3y =1t; y(0) =0, 3'(0) = 0
Cau 10*. Dung bén dbi Laplace gii cac phrong trinh vi phan &p hai sau
1) y" —2y" + 5y = 3; y(0) = 0, ¥'(0) = 0 2)y" +4y" + 8y =—1;9(0) = 0, ¥'(0) = 0
3) y" 4+ 4y =te'; y(0) =0, y'(0) = 0 4) y" +9y = te™; y(0) =0, 4'(0) =0
5) y" —4y' + 4y =1t; y(0) =0, y'(0) =0 6) y" 4 6y’ + 9y = 2t; y(0) = 0, '(0) = 0
) y" =2y +5y =3t y(0)=0,4(0)=0  8)y" +4y' +8y=—t;y(0)=0,y'(0) =0

Cau 11.Dung bén doi Laplace gii cac i pheong trinh vi phan ép mot sau

DT =0 s o) =3 [T Ay =0 s =15
)*y':y—2x 7I<)_ 7y()_ )iy'+2w—|—6y:0’x<)_ 7y()_
3 ’x'+3x—4y:962” N2 o —0 4 g’ —2x — 4y = cost 0 0 — 0
)y'—|—2:1;—3y:362“x()_ 7y()_ )<y'—|—x—|—2y:sint 7:1;()_3/()_



